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Fig. 01: Experimental Setup 

 

 

 



 

 
Fig. 02: Top View 

 

Fig. 03 Side View 

 

 

L298 Motor Driver Module 
 

 

Electromagnet 
Draws 1A at 12V DC 

 

IR 
 LED 
  

IR 
 Transistor 
  



PARTS < $100 
All electronic parts for this build can be found at http://www.vetco.net/. 

 

 

Microcontroller 

Arduino UNO R3  

Part Number: VUPN5975 

$26.95 

 
Fig. 04: Arduino Uno 

 

 

 

 

 

Note: We will be using the digital PWM~ pin 3, the analog in pins A1, A2, A3, A4, A5, and the common GND.   

(All points marked GND will be common.) 



 

High Power Analog Voltage Source 

L298 Motor Driver Module 

Part Number: VUPN7162 

$8.59  

 

 

 

 

 

 

Fig. 05: Motor Driver with labeled connections 

 

 

 

 

 

 

 

 

Note:  We can approximate high frequency switching with a variable duty cycle as an analog signal provided the desired analog 

bandwidth is much lower and there is no undesirable high frequency amplification in the system itself. 

¶ Input 2 = GND 

¶ Input 1 = Arduino PWM pin 3ͯ (5V TTL) 

¶ +5V 

¶ GND 

¶ +12V @ up to 1A 

+ 

- ὺ 

Electromagnet 



 

Infrared Source 

High-Intensity IR LED Pair 

Part Number: VUPN7225 

$3.99 

 

 

 

 

Fig. 6: IR LED 

 

 

 
Fig. 07: Powering the IR LED with a 5V source 

 

 

 

 

 

 

 

 

 

Note: The LED operates at 1.7V with a 100 mA draw.  Choose resistors around 16.6ɱ to achieve the necessary current. 

 

 

+5 V 

15ɱ 

15ɱ 

15ɱ 

 

 

1.7 V @ ~100 mA 

880 nm light 



Infrared Detector 

IR Phototransistor / IR Detector - 940nm, NPN, 10-Pack 

Part Number: VUPN8020 

$2.99 

 

 

 

Fig. 08: IR Phototransistor 

 

 

 
Fig. 09: Measuring IR light with a 5V source. 

 

 

 

Arduino AnalogIn pins {A1, A2, A3, A4, A5} 

GND 

+5 V 

10 Kɱ  



Breadboards 

170-Point Mini Breadboard, White 

Part Number: VUPN6674 

$2.55  

 

Fig. 10: Breadboard 

Connectors 

8.5" Male-Female Rainbow Breadboard Jumper Wire for Arduino - 10 Pack 

Part Number: VUPN6982 

$3.79 

9" Male-Male Rainbow Breadboard Jumper Wire for Arduino - 10 Pack 

Part Number: VUPN7080 

$4.69 

 

Fig. 11: Male-Female and Male-Male Rainbow connectors 

 



Large Allen Key 

$0.50 

 

Fig. 12: Iron Core 

Magnet Wire 

24 AWG Magnet Wire 1/2lb 

Part Number: PH-12-1224 

$14.99 

 

Fig. 13: Magnetic Wire 

 

 

Note:  To make the electromagnet, simply wrap the entire spool of wire around the iron core leaving the beginning and end of the 

wire accessible.  You may want to occasionally add a layer of electrical tape to prevent the wire from unraveling. 

 



Power Supplies 

(nice to have, but not necessary) 

0-30 VDC + 5 VDC + 12 VDC Analog Display Lab Power Supply 

Part Number: VE-PS603U 

$134.95 

 

 

 

Fig. 14:  Analog Power Supply 

 

 

 

 

 

Note: 5V and 12V power supplies are very common and easy to find.  Just be sure the 12V source has enough current.   

You can even find cheap wall mounted power adapters at Goodwill for less than $1 that will get the job done.  



SHELL ARDUINO CODE 

 

// declare any estimation or control parameters  

int  u;    // PWM output ranges 0 - 255 (0% - 100% Duty Cycle)  

int  IR1 ;   // Measures analog 0 - 5V with resolution 0- 1023  

int  IR2 ;   // Measures analog 0 - 5V with resolution 0 - 1023   

int  IR3 ;   // Measures analog 0 - 5V with resolution 0 - 1023   

int  IR4 ;   // Measures analog 0 - 5V with resolution 0 - 1023   

int  IR5 ;   // Measures analog 0 - 5V with resolution 0 - 1023     

 

// add any estimation or control parameter initialization s  

void  setup ()  

{  

  

}  

 

void  loop ()  

 

{  

 

IR1  = analogRead ( A1);   // read voltage of phototransistor 1  

IR2  = analogRead ( A2);   // read voltage of phototransistor 2  

IR3  = analogRead ( A3);   // read voltage of  phototransistor 3  

IR4  = analogRead ( A4);   // read voltage of phototransistor 4  

IR5  = analogRead ( A5);   // read voltage of phototransistor 5  

 

(*  

 

u = ?  

 

*)  

 

analogWrite ( 3, u);  // outputs PWM on pin 3  

}  

 

 

 

 

 

 

What should the control action be ??? 



THEORY 
Problem formulation from Nonlinear Systems 3rd Edition by Hassan K. Khalil. 

 

 

Fig. 15:  Schematic of Magnetic Suspension 

 

Figure 15 shows a schematic diagram of a magnetic suspension system, where a ball of magnetic material is suspended 

by means of an electromagnet whose current is controlled by feedback from the, optically measured, ball position.  This 

system has the basic ingredients of systems constructed to levitate mass, used in gyroscopes, accelerometers, and fast 

trains.  The equation of motion of the ball is 

άώ Ὧώ άὫ ὊώȟὭ 

Where ά is the mass of the ball, ώ π is the vertical (downward) position of the ball measured from a reference point 

(ώ π when the ball is next to the coil), Ὧ is a viscous friction coefficient, Ὣ is the acceleration due to gravity, ὊώȟὭ is 

the force generated by the electromagnet, and Ὥ is its electric current.  The inductance of the electromagnet depends on 

the position of the ball and can be modeled as 

ὒώ ὒ
ὒ

ρ
ώ
ὥ

 

Where ὒ, ὒȟ and ὥ are positive constants.  This model represents the case that the inductance has its highest value 

when the ball is next to the coil and decreases to a constant value as the ball is moved to ώ Њ.  With ὉώȟὭ

ὒώὭ as the energy stored in the electromagnet, the force ὊώȟὭ is given by 
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When the electric circuit of the coil is driven by a voltage source with voltage ὺ, Kirchhoff’s voltage law gives the 

relationship ὺ ‰ ὙὭ, where Ὑ is the series resistance of the circuit and ‰ ὒώὭ is the magnetic flux linkage. 
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(a) Using ὼ ώȟὼ ώȟ  and ὼ Ὥ as state variables and ό ὺ as control input, find the state equation. 

(b) Suppose it is desired to balance the ball at a certain position ὶ π.  Find the steady-state values Ὅ  and ὠ  of Ὥ 

and ὺ, respectively, which are necessary to maintain such balance. 
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Circuit Dynamic 
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(b) 

ὼ ὪὼȟόȟὪḊ Ὑ ὙᴼὙ  

Objective: 
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From Equation 2: 
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Let’s go with positive current. 

From Equation 3: 
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The magnetic suspension system is modeled by 
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where ὼ ώȟὼ ώȟὼ Ὥȟ and ό ὺ.  Use the following numerical data: ά πȢρ kg, Ὧ πȢππρ N/m/sec,Ὣ ωȢψρ m/sec2, 

ὥ πȢπυ m, ὒ πȢπρ H, ὒ πȢπς H, and Ὑ ρ ɱ. 

(a) Find the steady-state values Ὅ and ὠ  of Ὥ and ὺ, respectively, which are needed to balance the ball at a desired position 

ώ ὶ π. 

(b) Show that the equilibrium point obtained by taking ό ὠ  is unstable. 
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By Routhe-Hurwitz, 
 we know any system with at least one negative coefficient in its characteristic polynomial is unstable. 



Verification with Mathematica 
 

"Nonlinear Statespace"  

f={{x2},  

   {g - k x2/m - a L0 x3^2 /(2 m  (a +x1)^2)},  

   {1/L[x1] (a L0 x2 x3 /(a+x1)^2 - R x3 +u)}};  

%//MatrixForm  

 

"Inductance Function"  

L1+L0/(1+x1/a)  

 

"Equilibrium Equation y=r, Dy=0, i=Iss, u=Vss"  

f «{{0},{0},{0}}/.{x1 Ïr,x2 Ï0,x3 ÏIss,u ÏVss};  

eq=FullSimplify[Solve[%,{Iss,Vss}]]  

 

"State Jacobian"  

{{D[f[[1]][[1]],x1],D[f[[1]][[1]],x2],D[f[[1]][[1]],x3]},  

  {D[f[[2]][[1]],x1],D[f[[2]][[1]],x2],D[f[[2]][[1]],x3]},  

  {D[f[[3]][[1]],x1],D[f[[3]][[1]],x2],D[f[[3]][[1]],x3]}};  

A=FullSimplify[%/.{x1 Ïr,x2 Ï0,x3 ÏIss,u ÏVss}]/.Vss ÏR Iss;  

%//MatrixForm  

 

"Input Jacobian"  

{{D[f[[1]][[1]],u]},  

  {D[f[[2]][[1]],u]},  

  {D[f [[3]][[1]],u]}};  

B=FullSimplify[%/.{x1 Ïr,x2 Ï0,x3 ÏIss,u ÏVss}];  

%//MatrixForm  

 

Numeric Analysis 
 

m=0.1  

k=0.001  

g=9.81  

a=0.05  

L0=0.01  

L1=0.02  

R=1 

r=0.05  

  

Iss=sqrt(2*m*g/(a*L0))*(a+r)  

L=L1+L0/(1+r/a)  

  

A=[0, 1, 0;  

    L0*a*Iss^2/(m*(a+r)^3), - k/m, - L0*a*Iss /(m*(a+r)^2);  

    0, L0*a*Iss/(a+r)^2, - R/L]  

  

B=[0 0 1/L]'  

  

eig(A)  

>> eig(A) 

ans = 

   13.9931 
  -14.0310 

   -39.9720 
 

The first eigenvalue is positive.   

Therefore the system is unstable as we expected. 



(c) Using linearization, design a state feedback control law to stabilize the ball at ώ πȢπυ m. 

(d) Assume the permissible range of ώ is 0 to 0.1 m and the permissible range of the input voltage is 0 to 15 V.  Starting with 

the ball at equilibrium, move it a small distance up (and then down) and let it go.  Repeat this experiment, gradually 

increasing the amount of the initial disturbance.  Using simulation, determine the largest range of initial disturbance for 

which the ball will return to the equilibrium point without violating the constraints on ώ and ὺ.  To account for the constrain 

on ὺ, include a limiter in your simulation. 

(e) Using simulation, investigate the effect of perturbations in the mass ά.  Simulate the closed-loop system with the nominal 

controller, but with the mass changing from its nominal value.  Find the range of ά for which the controller will still balance 

the ball and investigate the steady-state error. 

 

LQR (Optimal Linear State Feedback)  

(c)(d)(e) 

Q=eye(3)  

R=1 

K = LQR(A,B,Q,R)  

  

eig(A - B*K)  

 

K = 

 -221.1064      -15.8033      1.1154 

ans = 

  -56.5007 

  -12.9208 

  -15.2040 

 

 

 

 

 

 

 

 

 



System Overview 

 

dx1 

 

dx2 

 

 

 

 

 



dx1 

 

L(x1) 

 

 

 

 

 

 

 

 



 

Plot Commands 
 

clf  

for i=1:10  

    y0=i/100 - 0.01;  

    sim('magsim',1)  

  

t=ScopeData(:,1);  

y=ScopeData( :,2);  

dy=ScopeData(:,3);  

i=ScopeData(:,4);  

v=ScopeData1(:,2);  

  

figure(1)  

hold on  

plot(t,y,'b',t,r*ones(length(t)),' -- k','linewidth',2)  

xlabel('Time ( s )')  

ylabel('Distance of Ball from Solenoid ( m )')  

axis([0 t(length(t)) 0 0.1])  

set(gcf,'color','w')  

legend('y','r')  

title('Ball Dynamics')  

  

figure(2)  

hold on  

subplot(2,1,1)  

plot(t,v,'b','linewidth',2)  

xlabel('Time ( s )')  

ylabel('Control Voltage ( V )')  

title('Contro Circuit Dynamics')  

legend('v')  

hold on  

subplot(2,1,2)  

plot(t,i,'b','linewidth',2)  

xlabe l('Time ( s )')  

ylabel('Solinoid Current ( A )')  

legend('i')  

set(gcf,'color','w')  

end  
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clear;clc;  

  

m=0.1;  

k=0.001;  

g=9.81;  

a=0.05;  

L0=0.01;  

L1=0.02;  

R=1;  

r=0.05;  

  

dm=m*(1- 2*rand)*50/100;  

dk=k*(1 - 2*rand)*50/100;  

da=a*(1 - 2*rand)*50/100;  

dL0=L0*(1 - 2*rand)*50/100;  

dL1=L1*(1 - 2*rand)*50/100;  

dR=R*(1 - 2*rand)*50/100;  

  

Iss=sqrt(2*m*g/(a*L0))*(a+r);  

Vss=R*Iss;  

L=L1+L0/(1+r/a);  

  

A=[0, 1, 0;  

    L0*a*Iss^2/(m*(a+r)^3), - k/m, -

L0*a*Iss/(m*(a+r)^2);  

    0, L0*a*Iss/(a+r)^2, - R/L]  

  

B=[0 0 1/L]'  

  

eig(A)  

  

Q=diag([1,1,100]);  

R=1;  

K = LQR(A,B,Q,R)  

  

eig(A - B*K)  

  

m=m+dm; 

k=k+dk;  

a=a+da;  

L0=L0+dL0;  

L1=L1+dL1;  

R=R+dR; 

  

clf  

for i=1:10  

    i  

    y0=i/100 - 0.01;  

    sim('magsim',1);  

  

t=ScopeData(:,1);  

y=ScopeData(:,2);  

dy=ScopeData (:,3);  

i=ScopeData(:,4);  

v=ScopeData1(:,2);  

  

hold on  

subplot(3,2,[1 3 5])  

plot(t,y,'b',t,r*ones(length(t)),' --

k','linewidth',2)  

xlabel('Time ( s )')  

ylabel('Distance of Ball from Solenoid ( 

m )')  

axis([0 t(length(t)) 0 0.11])  

set(gcf,'color','w')  

legend(' y','r')  

title('Ball Dynamics')  

  

hold on  

subplot(3,2,2)  

plot(t,v,'b',t,15*ones(length(t)),' --

k','linewidth',2)  

xlabel('Time ( s )')  

ylabel('Voltage ( V )')  

axis([0 t(length(t)) 0 16])  

title('Contro Circuit Dynamics')  

legend('v','V_s_a_t')  

hold on  

subplot(3 ,2,4)  

plot(t,i,'b','linewidth',2)  

xlabel('Time ( s )')  

ylabel('Current ( A )')  

legend('i')  

hold on  

subplot(3,2,6)  

text(0, 6, ['% dm  = ',num2str(100*dm/(m -

dm),'%+.0f')],'fontsize',8)  

text(0, 5, ['% dk  = ',num2str(100*dk/(k -

dk),'%+.0f')],'fontsize',8)  

text(0, 4, ['% da  = ',num2str(100*da/(a -

da),'%+.0f')],'fontsize',8)  

text(0, 3, ['% dL0 = 

',num2str(100*dL0/(L0 -

dL0),'%+.0f')],'fontsize',8)  

text(0, 2, ['% dL1 = 

',num2str(100*dL1/(L1 -

dL1),'%+.0f')],'fontsize',8)  

text(0, 1, ['% dR  = ',num2str(100*dR/(R -

dR),'%+.0f')],'fontsize',8)  

axis([0,1,1,6])  

set(gca,'xcolor',get(gcf,'color'));  

set(gca,'ycolor',get(gcf,'color'));  

set(gca,'ytick',[]);  

set(gca,'xtick',[]);  

end  

 

 

 

 

 

 

 



 

 



 

 

 

 

 



(f) Repeat the design of part (c) using integral control.  Repeat parts (d) and (e) for this design.  Comment on the effect of 

integral control on the transient response and steady-state error. 

 

Integral Control via Linearization 

(f) 

ό ὑὼ ὑ„ ὑὩ 

ὼ Ὢὼȟὑὼ ὑ„ ὑ Ὤὼȟύ ὶȟύ  

„ Ὤὼȟύ ὶ 

Equilibrium Points ὼӶȟ„ᴼὼӶ ὼȟό ό  (must maintain a unique solution) 

π ὪὼӶȟόȟύ  

π ὬὼӶȟύ ὶ 

ό ὑὼӶὑ„ 

Providing ÄÅÔὑ π, there is a unique solution „  to  

ό ὑὼ ὑ„  

Linearization about ὼȟ„ : 

‚ ꜝ fiꜞ ‚ 

Where  

‚ ὼ ὼȟ„ „ ȟ ꜝ
ὃ π
ὅ π

ȟ ꜞ
ὄ
π
ȟ fi ὑ ὑ  

ὃ
Ὢ

ὼ
ὼȟόȟύ

ȟ
ȟ ὄ

Ὢ

ό
ὼȟόȟύ

ȟ
ȟ ὅ

Ὤ

ὼ
ὼȟύ  

Suppose ὃȟὄ  controllable and ὶὥὲὯ 
ὃ ὄ
ὅ π

ὲ ὴ, then ꜝȟꜞ  is controllable. 

From Before: 

ὃ

ở

Ở
Ở
Ở
Ở
ờ

π ρ π

ὒὥὍ

άὥ ὶ

Ὧ

ά

ὒὥὍ

άὥ ὶ

π
ὒὥὍ

ὥ ὶ

Ὑ

ὒὶ Ợ

ỡ
ỡ
ỡ
ỡ
Ỡ

ȟ ὄ

ở

Ở
Ở
Ở
Ở
ờ

π

π

ρ

ὒὶỢ

ỡ
ỡ
ỡ
ỡ
Ỡ

 

Assuming we can measure all states ὅ Ὅ  



Controllability of ὃ and ὄ 

ꜟ ὃὄȟὃὄȟὃὄ  

Check  ὶὥὲὯ ꜟ σ ă Should have done this before LQR, but it is already known to be controllable. 

Mathematica 

A={{0,1,0},{L0*a*Iss^2/(m*(a+r)^3), -k/m,-L0*a*Iss/(m*(a+r)^2)},{0,L0*a*Iss/(a+r)^2,R/L}}; 

B={{0},{0},{1/L}};  

c1=Transpose[B];c2=Transpose[A.B];c3=Transpose[A.A.B] 

c=Transpose[{c1[[1]],c2[[1]],c3[[1]]}] 

MatrixForm[%] 

MatrixRank[c] 

 

3 

Next we need to check  ὶὥὲὯ 
ὃ ὄ
ὅ π

ὲ ὴȟὴ σ 

{{0,1,0,0},  

 {L0*a*Iss^2/(m*(a+r)^3), - k/m, - L0*a*Iss/(m*(a+r)^2),0},  

 {0,L0*a*Iss/(a+r)^2,R/L,1/L},  

 {1,0,0,0}, {0,1,0,0}, {0,0,1,0}}  

MatrixRank[%]  

4 

We cannot perform integral action on all 3 states.   

Let us say ώ ὼ 

{{0,1,0,0},  

 {L0*a*Iss^2/(m*(a+r)^3), - k/m, - L0*a*Iss/(m*(a+r)^2),0},  

 {0,L0*a*Iss/(a+r)^2,R/L,1/L},  

 {1,0,0,0}, {0,0,0,0}, {0,0,0,0}}  

MatrixRank[%]  

4 

Let us say ώ ὼ 

{{0,1,0,0},  

 {L0*a*Iss^2/(m*(a+r)^3), - k/m, - L0*a*Iss/(m*(a+r)^2),0},  

 {0,L0*a*Iss/(a+r)^2,R/L,1/L},  

 {0,0,0,0}, {0,1,0,0}, {0,0,0,0}}  

MatrixRank[%]  

3 ă We cannot perform integral action  

Let us say ώ ὼ 

{{0,1,0,0},  

 {L0*a*Iss^2/(m*(a+r)^3), - k/m, - L0*a*Iss/( m*(a+r)^2),0},  

 {0,L0*a*Iss/(a+r)^2,R/L,1/L},  

 {0,0,0,0}, {0,0,0,0}, {0,0,1,0}}  

MatrixRank[%]  

4 



We can either perform integral action on the current or the mass height. 

Ὅ is computed from the parameters and we presumably do not know as well as we would like  

Therefore we should perform the integral action on ὼ 

System Revision 

 

 

 

 

 

 



Simulation 

clear;clc;  

  

%Paramaters  

m=0.1;  

k=0.001;  

g=9.81;  

a=0.05;  

L0=0.01;  

L1=0.02;  

R=1;  

r=0.05;  

  

%Paramater Deviation  

dm=m*(1- 2*rand)*50/100;  

dk= k*(1 - 2*rand)*50/100;  

da=a*(1 - 2*rand)*50/100;  

dL0=L0*(1 - 2*rand)*50/100;  

dL1=L1*(1 - 2*rand)*50/100;  

dR=R*(1 - 2*rand)*50/100;  

  

%Steady State Computations  

Iss=sqrt(2*m*g/(a*L0))*(a+r);  

Vss=R*Iss;  

L=L1+L0/(1+r/a);  

  

%Linear System Dynamic  

A=[0, 1, 0;  

    L0*a*Iss^2/(m*(a+r)^3), - k/m, - L0*a*Iss/(m*(a+r)^2);  

    0, L0*a*Iss/(a+r)^2, - R/L]  

  

B=[0 0 1/L]'  

  

%Poles  

eig(A)  

  

%LQR 

Q=diag([1,1,100]);  

R=1;  

K = LQR(A,B,Q,R)  

eig(A - B*K)  

  

%Optimal Integral Action  

Q=diag([1,1,100,1e6]);  

R=1;  

As=[A(1,1:3),0;  

    A(2 ,1:3),0;  

    A(3,1:3),0;  

    1 0 0 0]  

Bs=[0 0 B(3) 0]'  

Ks = LQR(As,Bs,Q,R)  

eig(As - Bs*Ks)  

  

%Changing Paramaters  

m=m+dm; 

k=k+dk;  

a=a+da;  

L0=L0+dL0;  

L1=L1+dL1;  

R=R+dR; 

  

 

 

 



Note: fi was computed with LQR of ꜝ fiꜞ 

%Simulation Without Integral  

figure(1); clf;KI=0;  

for i=1:10  

    i  

    y0=i/100 - 0.01;  

% y0=0.07  

    sim('magsim',3);  

  

t=ScopeData(:,1);  

y=ScopeData(:,2);  

dy=ScopeData(:,3);  

i=ScopeData(:,4);  

v=ScopeData1(:,2);  

  

  

hold on  

subplot(3,2,[1 3 5])  

plot(t,y,'b',t,r *ones(length(t)),' -- k','linewidth',2)  

xlabel('Time ( s )')  

ylabel('Distance of Ball from Solenoid ( m )')  

axis([0 t(length(t)) 0 0.11])  

set(gcf,'color','w')  

legend('y','r')  

title('Ball Dynamics')  

  

hold on  

subplot(3,2,2)  

plot(t,v,'b',t,15*ones(length(t)),' -- k','linewidth',2)  

xlabel('Time ( s )')  

ylabel('Voltage ( V )')  

axis([0 t(length(t)) 0 16])  

title('Contro Circuit Dynamics')  

legend('v','V_s_a_t')  

hold on  

subplot(3,2,4)  

plot(t,i,'b','linewidth',2)  

xlabel('Time ( s )')  

ylabel('Current ( A )')  

legend('i')  

hold on  

subplot(3,2,6)  

text(0, 6, ['% dm  = ',num2str(100*dm/(m - dm),'%+.0f')],'fontsize',8)  

text(0, 5, ['% dk  = ',num2str(100*dk/(k - dk),'%+.0f')],'fontsize',8)  

text(0, 4, ['% da  = ',num2str(100*da/(a - da),'%+.0f')],'fontsize',8)  

text(0, 3, ['% dL0 = ',num 2str(100*dL0/(L0 - dL0),'%+.0f')],'fontsize',8)  

text(0, 2, ['% dL1 = ',num2str(100*dL1/(L1 - dL1),'%+.0f')],'fontsize',8)  

text(0, 1, ['% dR  = ',num2str(100*dR/(R - dR),'%+.0f')],'fontsize',8)  

text(0, - 1, ['  K  = ',num2str(K,'%.0f')],'fontsize',8)  

axis([0,1,1,6 ])  

set(gca,'xcolor',get(gcf,'color'));  

set(gca,'ycolor',get(gcf,'color'));  

set(gca,'ytick',[]);  

set(gca,'xtick',[]);  

end  

 

 

 

 

 

 

 

 

 



%Simulation With Integral  

figure(2);clf;K=Ks(1:3);KI=Ks(4);  

for i=1:10  

    i  

    y0=i/100 - 0.01;  

% y0=0.07  

    sim('magsim',3);  

  

t=ScopeData(:,1);  

y=ScopeData(:,2);  

dy=ScopeData(:,3);  

i=ScopeData(:,4);  

v=ScopeData1(:,2);  

  

  

hold on  

subplot(3,2,[1 3 5])  

plot(t,y,'b',t,r*ones(length(t)),' -- k','linewidth',2)  

xlabel('Time ( s )')  

ylabel('Distance of Ball from Solenoid ( m )')  

axis([ 0 t(length(t)) 0 0.11])  

set(gcf,'color','w')  

legend('y','r')  

title('Ball Dynamics ( Integral Action )')  

  

hold on  

subplot(3,2,2)  

plot(t,v,'b',t,15*ones(length(t)),' -- k','linewidth',2)  

xlabel('Time ( s )')  

ylabel('Voltage ( V )')  

axis([0 t(length(t)) 0 16])  

title('Contro Circuit Dynamics')  

legend('v','V_s_a_t')  

hold on  

subplot(3,2,4)  

plot(t,i,'b','linewidth',2)  

xlabel('Time ( s )')  

ylabel('Current ( A )')  

legend('i')  

hold on  

subplot(3,2,6)  

text(0, 6, ['% dm  = ',num2str(100*dm/(m - dm),'%+.0f')],'fontsize',8)  

text(0, 5, ['% dk  = ',num2str(100*dk/(k - dk),'%+.0f')],'fontsize',8)  

text(0, 4, ['% da  = ',num2str(100*da/(a - da),'%+.0f')],'fontsize',8)  

text(0, 3, ['% dL0 = ',num2str(100*dL0/(L0 - dL0),'%+.0f')],'fontsize',8)  

text(0, 2, ['% dL1 = ',num2str(100*dL1/(L1 - dL1 ),'%+.0f')],'fontsize',8)  

text(0, 1, ['% dR  = ',num2str(100*dR/(R - dR),'%+.0f')],'fontsize',8)  

text(0, - 1, ['  K  = ',num2str(Ks,'%.0f')],'fontsize',8)  

axis([0,1,1,6])  

set(gca,'xcolor',get(gcf,'color'));  

set(gca,'ycolor',get(gcf,'color'));  

set(gca,'ytick', []);  

set(gca,'xtick',[]);  

end  

 

 

 

 

 



 

 



 



 



 

 

LQI Function 

[K,S,e] = lqi(SYS,Q,R,N)  



 

 

 

 

%LQI 

Q=diag([1,1,1,1]);  

R=1;  

sys = ss(A,B, [1,0,0],0);  

tf(sys)  

K = lqi(sys,Q,R)  

 

 

 

 

(g) Repeat the design of part (c) assuming you can only measure ώ.   

Repeat parts (d) and (e) for this design. 

 

Constructing Observer for ώ and Ὥ 

(g) 

ײַ
ὅ
ὅὃ
ὅὃ

ȟ ὅ ρ π πᵼ ὶὥὲὯ ַײ σ 

Mathematica 
 A={{0,1,0},{L0*a*Iss^2/(m*(a+r)^3), - k/m, -

L0*a*Iss/(m*(a+r)^2)},{0,L0*a*Iss/(a+r)^2,R/L}};  

c={{1,0,0}};  

o1=c  

o2=c.A  

o3=c.A.A  

o={ o1[[1]],o2[[1]],o3[[1]]}  

%//MatrixForm  

MatrixRank[o] «3 

 



 

 

ὼ ὃὼ ὄό 

ώ ὅὼ 

ὼ ὃὼ ὄό ὒώ ώȟὼπᶰᴙ (choose ὼπ π for simplicity) 

ώ ὅὼ 

Ὡ ὼ ὼ ὃ ὒὅὩ 

ό ὑὼ 

Place ÅÉÇὃ ὄὑ with LQR  

Then place ÅÉÇὃ ὒὅ with    )ÍÅÉÇὃ ὄὑ • 2ÅÅÉÇὃ ὄὑȟ• π 

Changes to Code 

%LQR 

Q=diag([1,1,100]);  

R=1;  

N=[0,0,1];  

K = LQR(A,B,Q,R);  

  

% Poles  

eig(A - B*K)  

  

% Note: L(r) is not used anywhere below  

% There is no conflict with L as observer gain  

  

phi=10;  

p=imag(eig(A - B*K))+phi*real(eig(A - B*K));  

L=place(A',C',p)';  

  

% Poles  

eig(A - L*C)  

 



 

 

 

 

 



(h) Repeat the design of part (c) assuming you can only measure ώ and Ὥ.   

Repeat parts (d) and (e) for this design. 

 

Constructing Observer for ώ 

(h) 

ײַ
ὅ
ὅὃ
ὅὃ

ȟ ὅ
ρ π π
π π ρ

ᵼ ὶὥὲὯ ַײ σ 

Mathematica 
A={{0,1,0},{L0*a*Iss^2/(m*(a+r)^3), - k/m, -

L0*a*Iss/(m*(a+r)^2)},{0,L0*a*Iss/(a+r)^2,R/L}};  

c={{1,0,0},{0,0,1}};  

o1=c  

o2=c.A  

o3=c.A.A  

o={o1[[1]],o1[[2]],o2[[1]],o2[[2]],o3[[1]],o3[[2]]}  

%//MatrixForm  

MatrixRank[o] «3 

ὼ ὃὼ ὄό 

ώ ὅὼ 

ὼ ὃὼ ὄό ὒώ ώȟὼπᶰᴙ (choose ὼπ π for simplicity) 

ώ ὅὼ 

Ὡ ὼ ὼ ὃ ὒὅὩ 

ό ὑὼ 

Place ÅÉÇὃ ὄὑ with LQR  

Then place ÅÉÇὃ ὒὅ with    )ÍÅÉÇὃ ὄὑ • 2ÅÅÉÇὃ ὄὑȟ• π 

Changes to Code 

C=[1 0 0; 0 0 1]  

I have observed a lot more high frequency content in the input… 

using Q=daig([10,1,1])  



 

It looks like this Observer is very sensitive to variation in paramater sets… 

I do not see any real improvement to performance. 

 

 



 (k) Design a gain-scheduled, observer-based, integral controller so that the ball position ώ trackes a reference position ὶ.  

Assume you can measure ώ and Ὥ.  Using Simulation, study the performance of the gain-scheduled controller when ὶ changes 

slowly. 

 

ὶ ὶὯẗɝὸ  

ὃὶ
Ὢ

ὼ ȟ
 

ὄὶ
Ὢ

ό ȟ
 

 
ὗ ὖὃ ὃὖ ὖὄὙ ὄὖ π 

Ὑ ὄὖ ὑᶻ 
ό ὑᶻὶὼ 
 

Tracking Sine Reference 
 

 
 

 

 

 


